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Appendix G

Relationships among distributions

This appendix exhibits relationships among some of the common univariate (discrete and
continuous) distributions. The first line in each box gives the name of the distribution and
the second line lists the parameters of the distribution. The flowchart, as shown on the next
page, represents the three types of relationships: transformations (independent random
variables are assumed) and special cases (both indicated with a solid arrow), and limiting
distributions (indicated with a dashed arrow).
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Adapted from Leemis, L. M. (1986), “Relationships among common univariate
distributions,” The American Statistician, Vol. 40, No. 2, pp. 143-146. With permission.
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Maximum likelihood (ML) and unbiased estimators for parameters of some

common probability distributions

Distribution Parameter ML estimator Unbiased estimator
Xy — X
Uniform o Xy Xy — ((”)71(1)>
n—
X — X
5 Xon Xon+ < m — X )
n—1
Normal m X X
n v\2 n V2
Xi — X) Xi — X)
o2 it 27
.Z n Z n—1
i=1 i=1
. 1 n—1
Exponential 0 = —
X nX
Poisson X X X
. A Y Y
Binomial P — —
n n
. . . k k(n—1)
Negative binomial 4 = —
X nX
1 n—1
Geometric )4 = —
X nX
Note: X, = max(X1y, X2), ..., X))
Xay=min(X1), X, - - Xw)
X =Xi+Xo+---+X)/n
Y = total number of successes
k = number of items in a population labeled “successes”
n = sample size
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Appendix 1

Some important statistical formulas

Classification of Data

Relative frequency of a class

Frequency of the class
Total frequency

Largest data value — smallest data value

Approximate number of classes

Class width
1
Real lower limit (lower class boundary) (Apparent lower limit) — 3 (unit difference)
- RV S,
Real upper limit (upper class boundary) (Apparent upper limit) — 3 (unit difference)

Lower class limit + upper class limit

Midpoint of a class 3

Frequency density of a class

Descriptive Statistics

Finite population mean

N
2 Xi
Ungrouped data u= I:;\J
k
2 fiXi
Grouped data w= lzlk
2 fi
i=l
Sample mean
n
2 xi

Ungrouped data X =—

Frequency of the class

Class size
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k
> fivi
Grouped data X= l:i
o
i=1
n
2 wix;
Weighted arithmetic mean X = ’:rll
> wi
i=1
Geometric mean
Ungrouped data GM = /x1x3...x,
1 k
grouped data S fi
GM = <nxiﬁ> i=1
i=1
Harmonic mean
Ungrouped data HM = nn
1
xXi
i=1
k
> i
Grouped data HM = kIL
L(4)
i=1
Median
Ungrouped data
odd number of observations the (n + 1)/2 th observation in an ordered set
even number of observations mean of (n/2)th and (/2 + 1)th observations in
an ordered set
. h (N
Grouped data Median = /1 + ? >~ CF
where £; = lower class boundary of the median class
h = size of the class interval of the median class
f = frequency of the median class
N = total frequency
CF = cumulative frequency preceding the median
class
Median class is the (N /2)th frequency class
Mode
Ungrouped data Most frequent data value
f m f 1 >
Grouped data Mode = ¢ + <7 X h
b 21— 2
where £; = lower class boundary of the modal class
h = size of the class interval of the modal class
fm = frequency of the modal class
fi = frequency preceding the modal class

f>» = frequency following the modal class
Modal class is the most frequent data class

e
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Mean deviation about mean

n _
2lxni—x
Ungrouped data MD==l
n
k -
2 filxi = x|
Grouped data MD = ':lki
_Zl fi
i=
Mean deviation about median
n ~
2l — %
Ungrouped data MD = %
k ~
2 Jilxi — X
Grouped data MD = ':lki
Zl fi
i=
Range Largest data value — Smallest data value
Finite population variance
N
> (X —
Ungrouped data o’ = %
2
Lo (S
Ungrouped data (computing formula) o2 ==t 1\”:1
Z fl (X; — /l)z
Grouped data ot == .
> fi
i=1
2
S i - (_Z ﬁ-x,> S
Grouped data (computing formula) o2 == ;{:1 =l
-21 fi
i=
Sample variance
n
> (i —x)?
Ungrouped data 52 = = 1
n—
X5 — xi | [n
. 2 i=1 ! (zézl l) /
Ungrouped data (computing formula) §° = ]
n—
k
Y filti —5)?
Grouped data st == .
> hi-
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Grouped data (computing formula) §°=

Standard deviation
Population o =+Vo2

Sample s =
Standard deviati
Coefficient of variation (W) x 100%
Covariance can
N
> (X — ) (Y — py)
. i=1
Population Oy = d N
n _ _
(i =X)(yi — )
i=1
Sample Sxy = 'T

Probability

Probability of an event

number of outcomes in event A

Py = number of equally likely and mutually exclusive outcomes in the sample space
Complement rule P(A)=1-P(A) or  P(A)=1-P(A)
Addition rule

For two events P(AUB) =P(A)+ P(B)— P(ANB)
P(AUB) = P(A)+ P(B)  ifA and B are mutually
exclusive
P(AUB) = P(A)+ P(B)— P(A)P(B) if A and B are
independent
For three events P(AUBUC)=P(A)+ P(B)+ P(C)— P(ANB)
—P(ANC)—P(BNC)+P(ANBNC)

n n

For n events P (U A,-) =Y P(A) =Y P(ANA)+ Y P(ANANAY)

i=1 i=1 i<j i<j<k

e (=P (ﬂA,.>
i=1

Conditional probability
P(ANB)

P(A|B) = “PB) provided P(B) # 0
P(B|A) = % provided P (A) # 0

Multiplication rule
For two events P(ANB)=P(A)P(B|A)=P(B)P(A|B)
P(ANB)=P(A)P(B) if A and B are independent
For three events P(ANBNC)=PA)P(B|A)P(C|ANB)
P(ANBNC)=PA)P(B)P(C) if A, B, C are independent

e
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Theorem of total probability
P(A) = P(A|B1)P(B)) + P(A|B2)P(B2) +---+ P(A|By)P(By)
P(A|Bi)P(B))
P(A|B1)P(B1)+ P(A|By))P(B2) + -+ P(A| By) P(By)

Bayes’ theorem P(Bi|A) =

Mathematical Expectation

Expected value (mean) of a random variable

Discrete nw=EX)=) xp(x)
X
o0
Continuous n=EX)= / x f(x)dx
—00
Variance of a random variable
Discrete o =Var(X) =Y (x — 1)’ p(x)
X
oo
Continuous 02 = Var(X) = / (= w2 f(x)
—00
Variance of a random variable (computational formula)
Discrete o= Var(X) = szp(x) — ;1,2
X
oo
Continuous 0% = Var(X) = / x2f(x) dx — p?
—00

Properties of the mean and variance of a random variable
If X is a random variable and @ and b are any arbitrary constants, then

Mean of (a + bX) Ma+bx) = a+bux
Variance of (a + bX) U(za+bx> = bzo}%

Properties of a discrete probability
distribution p(x) 1. p(x) >0 for any value of x

2. py=1

Properties of a continuous probability
distribution f(x) 1. f(x)=0 for any value of x

2. /m Fx)dx =1

Moment generating function (about origin)

Discrete Mx(t) = E(¢'¥) =) e p(x)
X
o0
Continuous My (1) = E@%) = / e f(x) dx
—00

Moment generating function (about mean)

Discrete Mx—(t) = E (et(x—u)> — oM Z ¢ p(x)
X
oo
Continuous Mx—(t)=E (e’(x_“)) = e_“'/ e f(x)dx
—00

e
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Characteristic function (about origin)

Discrete ox(t) = E@™) =Y e p(x)

Continuous ox(t) = E(e"X) = / e f(x)dx

—00

Characteristic function (about mean)
Discrete bx—u(t) = E (e"X70) = e N " p(x)
X

o0
Continuous x—p(t) = E (eHE-1) = g7int / e f(x) dx

—00

Combinatorics

Number of permutations

For n distinct objects taken all together nl=nn—-—1Hn-2)---3-2-1
For n distinct objects taken r at a time p)_" — ”7'
— )
For n objects in which n; are of first kind, ny (n=nr)
are of second kind, . . ., ny are of kth kind,

n!
suchthatny +no+---+npy=n

nilng! - ng!
Circular arrangement for n distinct objects (n—1!
Number of combinations

n " n!
. - . ="Cr =+
For r objects selected from n distinct objects ( r ) "l —r)!

Number of experimental outcomes with r successes n!
in n Bernoulli trials rl(n —r)!

n n ~
Binomial expansion (a+b)" = E (k )akb” k
=0

Multiplicative rule

Total number of possible outcomes for a ny-ny-n3---ng
sequence of k events in which the first one

has n; possibilities, the second one has n,

possibilities, the third one has n3 possibilities,

..., and the kth event has ny possibilities

Total number of possible outcomes for a n*
sequence of k events in which each event
has n possibilities

Sampling Distributions

Inferences about a population mean . and variance o>

Sample mean X =

Sample variance §?=1=
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Sample standard deviation
Expected value of X

Standard deviation of X
(with correction for finite population)

Standard deviation of X

(without correction for finite population, if
the sample size is less than or equal to 5%
of the population size)

Sampling distribution of X
(when parent population is normal
ando? is known)

Sampling distribution of X
(when parent population is not necessarily
normal,o? is unknown, and sample is large)

Sampling distribution of X
(when parent population is normal, o is
unknown, and sample is small)

Sampling distribution of S 2
(when parent population is normal and the
mean (1 is unknown)

Inferences about a population proportion p

Sample proportion p

Sample variance

Sample standard deviation
Expected value of p

Standard deviation of p
(with correction for finite population)

Standard deviation of p

(without correction for finite population,
if the sample size is less than or equal to
5% of the population size)

Sampling distribution of p
[when p is known and sample is large
(np(1 = p) = 5)]

Sampling distribution of p
[when p is unknown and sample is large
(np(1—p)=5)]

§=1/s?

EX)=p

N—n o
N—-1.n

i
Il
Sle

N

N
Il

1 =

_p1=p)
- n

s— /Pd=P
n

E(p)=rp
o = [N —n p(l—p)
PV N -1 n

)

~_p(d—=p
Up— T

pP—p

Vp(l—p)/n

pP—p

vp(l—=p)/n
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Inferences about the difference between two population means (1] — (t2)

nj

ny

2 X 2 Xoi
Sample means X, == X, = =
n ny
ni _ ny _
Z (Xli - Xl)2 Z (Xz,' — Xz)z
Sample variances 52 = =t 53 = = 0
np—1 ny — 1
Sample standard deviations S1 =4/ 512 S = \/S?
Expected value of X| — X, EXi — X2) = 1 — 112
L - - ol o}
Standard deviation of X| — X> g g, =4 — +—=
1 2 ni no

Sampling distribution of X| — X,
(when parent populations are normal
ando? ando? are known)

Sampling distribution of X| — X,

(when parent populations are not necessarily
normal,al2 and (722 are unknown, and samples
are large)

Sampling distribution of X| — X
(when parent populations are normal, (712

and022 are unknown,a,2 = 022, and samples =
are small)
where S,
v

Sampling distribution of X| — X,
(when parent populations are normal, 012
andoj are unknown, o7 # o3 , and samples

are small)

ty

where v/

7 _ (X1 — X2) — (u1 — p12)

(07/m) + (03/n2)

7 (X1 — X2) — (u1 — 112)

(Slz/m) + (S%/nz)

X = X) = (w1 — )
Sp/(I/n1) + (1/n2)

i = DSE+ (na — 1)S3
- ny+ny—2

=ny+ny—2

_ X1 — X2) — (u1 — p2)
(St/n1) + (83/m2)

2
L
ny ny

Gi/n)? | (s3/m)?

np—1 ny—1

Inferences about the difference between two population proportions (p; — p2)

ni ny
Z X1i Z X2i
Sample proportions p1 = i= pr = =1
ni np
X1, x2i = 0,1
51— 5 —
Sample variances 2 — pi(l—py) 2= P2l —p2)
ni ny
— —
Sample standard deviations S| = Pl = Py 1€ p1) Sy = ,Pz( P2)
nj ny

Expected value of (p; — p2)

E(p1—p2) =p1 —p2

e
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1- 1-
Standard deviation of (p; — p2) Op1—pr = \/pl( p) + pa r2)
ni na
Sampling distribution of (p; — p2)
[when p; and py are known and e B
samples are large Z= (P (IPZ)) (pl(l pz))
@ip1(1 = p1) = 5.napa(1 = p2) = 5)] BETES + R

Sampling distribution of p; — p»
[when p; and p> are unknown and
samples are large Z o )
W pr( = p1) = 5, mapa(l = po) = 5)] T

_ (p1— p2) — (p1 — p2)

Inferences about the ratio of two population variances

Sampling distribution of $7 /53
[when parent populations are normal _ 512 / g 12
and their means (u1 and j12) are unknown I o3

wherevy =n; — 1, v, =n — 1

Tests for Goodness of Fit and Independence

0; — E?
Chi-square statistic for goodness of fit x* = Z %
i

i
Expected frequencies for contingency table

under the assumption of independence _ (ith row total) (jth column total)

or homogeneit E;;i =
& y Y grand total
Chi-square statistic for contingency table 2= Z Z M
q gency X 2 E;
Analysis of Variance
Completely randomized design
k  nj n; xz
Total sum of squares SSr = ZZ (xij — i..)z = Z x,-zj - =
i=1 j=1 i=1 j=I N
k K X«z Xz
Sum of squares due to treatments SS7, = Zn,-(i,a — )E“)z = Z £ - N
n i n;
i=1 i=1 "
ko ni ko ni k x2
Sum of squares due to error SSg = Z Z (xij — %)t = xizj - Z i
i1 =1 i1 =1 im1 T
Randomized block design
t b t b xz
_ Ly )2 — 2 _ T
Total sum of squares SSr = Z Z (xij = X.)7 = inj b
i=1 j=1 i=1 j=1
t t X2 )C2
_ = - \2 i .
Sum of squares due to treatments SS7, =b Z (X;. —x.)" = - - =
i=1 iy tb
b 5 b x2 %2
Sum of squares due to blocks SSp =t Xj—Xx.)" = A
q 8 J;( =) ,; Lo
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t b
Sum of squares due to error SSg = Z Z (xij — X, — X + )E”)z
i=1 j=1
t b 5 2 &L le x2
— _ T A
2PN Dy e Mgy
i=1j i=1 j=1
Randomized block design with replication
t b n t b n xz
_ ¥ ) — 2 T
Total sum of squares SSr = ZZ Z (Xijp — X..)" = ' Z Xijk o
i=1 j=1 k=1 i=1 j=1 k=1
d L x? x2
Sum of squares due SSr, =bn Z & — %)% = Z e
4 4 n thn
to treatments i=l1 i=1
b b x2 2
Sum of squares SSp =t % —x.) = AR
d 5 "Z(x jr =) Z tn thn
due to blocks j=1 j=1
it b
Sum of squares due SSrp=n Z Z (Xij. — Xj.. — X + )2
to interaction i=1j=1

1 n
Sum of squares due SSg = Z Z (xijk — Xij)*
to error i=1 j=1 k=1
t b n 1 2
X7
2 ij.
S IDID I 3k
i=1 j=1 k=1 i=1 j=1
Latin square design
PP P PP $2
Total sum of squares SSy = Z Z Z (ijy — %)% = Z inzj(h) -=
i1 =1 =l i=1 j=1 p
P 14 x_Z x2
Sum of squares due SSg=p Z G — %)% = Z e
to rows i= i1 PP
P 2 X2 x2
Sum of squares due SS¢c = pZ (Fj. —%.) = Z AR =
to columns j=1 = P p
)4 P x? ¥
Sum of squares due SSr, =p Z Gy — B0 = Z O e
to treatments h=1 =1 P p

Sum of squares SSg
due to error

Il
Mu
.M“
Mu

<
I
1

(ijny — i — X j — %y +25.)°

P 2 P 52 2
X )

‘ f P x 2x2
Xiw =) B 2 —=_3 ';h) +—x;'“
=

Il
Mw
Mu
Mw

=1 i-1 P D2 |

.
I
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Regression and correlation

Pearson product moment correlation coefficient

N
_; (xi = ) i = fay)

Population p=
N N
\/Z (i = )2 [ 30 (i = y)?
i=1 i=1
W - —
2. (i =X =)
Sample r= =l
n _ n _
\/Z (xi —X)Z\/Z (i = 3)?
i=1 i=1
n n
Z X; Vi (Z Xi Z )’i>/n
* Computational r= = =1 il

1 -
formula {( é:l xl? — (,21:1 x,->2/n> (\/an:l in - <’Z

Slope and y intercept of a regression line

n
> i =0 =)
i=1
Slope b= S ——
> (i —%)?
i=1
n n n
2 Xiyi — ( Xi | yi)/ﬂ
» Computational formula b= =l '=12
n n
RN
i=1 i=1
Intercept a=y—bx
Estimated regression line y=a+bx
n
Total sum of squares SSr = Z (i — )

i=1

n n 2
* Computational formula SSr = Z y,-2 - (Z Vi ) /n

Sum of squares due to regression SSg = Z Gi —9)*
i=1
n n n 2
|:Z Xiyi — (Z Xi Z YI)/’Z]
* Computational formula SSg = = e 3
n n
Yx?- (Z xi | /n
i=1 i=1
n
Sum of squares due to error SSg = Z i — 3)°
i=1
¢ Computational formula SSEg =SSt — SSkr

SS SS
Coefficient of determination P2= 2R 2%

7SSy SSr
SS

Estimate of o MSg = E2
n—

e
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Estimated variance of b

Mean square due to regression

F statistic

Confidence interval for E (y,)

Prediction interval for y,

Vp £ tn-2).0/2

Ip & tn-2),a2

327

MSg
n —
(i —x)?
i=1

S =

_ SSk
R= regression degrees of freedom
MS
F=_2K
MSg

MS

1 — %2
MSg ;+,1()61’7X)
> (i —X)?
i=l

—%)2
1+l+n(xl’7x)
Y w -2

i=1

MSg

Nonparametric Methods

Sign test

1
Test statistic: X = number of positive or negative signs E(X) = 2"

Null distribution: binomial b(x; n, 0.5)

Wilcoxon signed-rank test

Test statistic: 7= sum of positive or negative ranks

Null distribution (large sample): Normal
Run test for randomness

Test statistic: R = number of runs

Null distribution (large sample): Normal

‘Wilcoxon rank-sum test

Test statistic: W = sum of the ranks of the
first sample

Null distribution (large sample): Normal

Mann-Whitney test
Test statistic: U = number of pairs (x;, y;)
such thatx; < y;

Null distribution (large sample): Normal

e

1
Var (X) = Zn

n(n+1)
—
nn+1)2n+1)
24

E(T) =

Var (T) =

2niny
ny+ny
2n1ny(2niny —ny — ny)
(n1+n2)*(ny +n2— 1)
wheren | andn; are the number of symbols
of type I and type II, respectively

E(R) =

Var (R) =

1
EW) = Enl(nl +ny+1)

1
Var (W) = Enlnz(m +ny+1)

wheren | andny are sample sizes of the first
and second samples, respectively

1
EWU) = Enmg

1
Var (U) = Enlnz(nl +ny+1)

wheren | andn, are sample sizes of the first
and second samples, respectively
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Kruskal-Wallis test
Test statistic:

Null distribution (large sample): x,f_l

Friedman’s test

Test statistic:

Null distribution (large sample): x?_,

Spearman’s rho test

Test statistic:

Null distribution (large sample): Normal

Control lines for the x -chart

Pocket Dictionary of Statistics

12 &R
_N(N+1);l’li SVAD
where R; = sum of the ranks of the

observations in the ith
treatment group

n; = number of observations in
the ith group

k = number of groups

N=ny+ny+---+n;

E(R)) = ﬂi(N2+ 1)
Var (R;) = ni(N + ]1)2(N —n;)

12 & bk+1)7?
F"m;[Rf‘T]

i

where R; = sum of the ranks of the observations

in the ith treatment group
b = number of blocks
k = number of treatment groups

bk +1)
2
b(k+1)(k—1)
12

E(R;) =

Var (R;) =

n
6 d?
i=1

Ry=1-—2=
! nn2—1)

whered,; is the difference between the ranks

of the ith pair
E(Ry)) =0

1
Var (R_;) = m

Control Charts

where ¥ is the average of all the subgroup

means X;, R is the average of all the
subgroup ranges (taken from a pilot set of
about 20 rational subgroups), and A is a
multiplier obtained from the following
table:

5 6 7

Ay 1.880

1.023

0.729

0.577 0.483 0.419
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Control lines for the R chart LCLg = D3I§
UCLRr = D4R

where R is the average of ranges taken
from a pilot set (about 20 rational sub-
groups), and D3 and Dgsare multipliers
obtained from the following table:

n 2 3 4 5 6 7
D3 0 0 0 0 0 0.076
Dy 3.267 2.574 2.282 2.114 2.004 1.924
Control lines for the s chart LCL; = Bss
UCLy = Bys
wheres is the average of all the subgroup
standard deviations taken from a pilot set
(about 20 rational subgroups) and B3 and
B4 are determined from the following
table:
n 2 3 4 5 6 7 8 9 10
Bs 0 0 0 0 0.030 0.118 0.185 0.239 0.284
By 3.267 2.568 2.666 2.089 1.970 1.882 1.815 1.761 1.716

Control lines for the p chart

Control lines for the ¢ chart

. [p(1—p)
LCL, =p -3 W

~1_5
UCL, = 5 +3 pd=p)

n
where p is the average proportion
defective taken from a pilot set (about 20
rational subgroups) and » is the sample
size.

LCL, = — 3@

UCL, = ¢+3ve

where ¢ is the average number of defects
taken from a pilot set (about 20 rational
subgroups)



