CHAPTER 19

RECURRENCE EQUATIONS

This material is essentially Chapter 7 of the bookConcepts in Discrete Mathematics
by Sartaj Sahni, Camelot Publishing1985. It is reproduced here with permission of
the publisher.

19.1 INTRODUCTION

The computing time of an algorithm (particularly a recursive algorithm) is often
easily expressed recursively (i.e., in terms of itself). This was the case, for
instance, for the functiorRsum(Program 1.9). We had determined thag,
= C +trsun(n-1) Wherec is some constant. The worst-case computing tiﬁ}ﬁ%?,
of the merge sort method is easily seen to satisfy the inequality:

Cq n=1

M=\ i o o]yt (/2] e 4n n>1 (19.1)

We expect the recurrence (19.1) to be difficult to solve because of the pres-
ence of the ceiling and floor functions. If we attempt to solve (19.1) only for
values of n that are a power of 8€2%), then (19.1) becomes:
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w Cy n=1
ta(n) < [ 2ty (n/2)+c 4n n>1 anda power of 2 (19.2)
If the inequality of (19.2) is converted to the equality:
. _ 1€ n=1
tm(n) = [ 2ty (n/2)+c 4n n>1 and a power of 2 (19.3)

thenty(n) is an upper bound of{{(n). So, ifty(n) = f () thent{%(n) = O(f (n)).
Since it is also the case that there exist constag@ndcg such that:

Cs n=1
2ty (n/2)+cgn n>1 and n a power of 2

u(n) [

it follows thattyj(n) = Q(f (n)). Hencet{(n) = ©(f (n)).

The entire discussion concerning the worst case complegjtcan be
repeated with respect to the best case complexity (i.e. the minimum time spent
on any input of n numbers). The conclusion is ttfatn) = O(f (n)). Since both
the best and worst case complexities @& (n)), it follows thatt§;(n) = O(f (n))
andty (n) = ©(f (n)).

when analyzing quick sort, we see that the partitioning into leftand
right (R) segments can be done@in) time. So,

_ 1€ n<l
to(n) = [Cz+tQ(|L )+o(IR]) n>1 (19.4)
In (19.4),Q has been used as an abbreviation fQuickSort . |L | can be any

number in the range 0 to—1. For random instancesL || equals each of 0, 1, ...,
n-1 with equal probability. So, for the average complexity QuickSort
we obtain:

Cq n<l

c2n+%(n£[t%(i )+Htd(n=i))] n>1
i=1

td(n) = [ (19.5)

_ [Cl n<l

2n—l .
c2n+FZt%(l) n>1

i=1
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The worst case forQuickSort is when one ol andR is empty at all
levels of the recursion. In this case, we obtain the recurrence:

W _ 1€ n<l
toln = con+td(n-1) n>1 (19.6)
The best case foQuickSor iswhen |L | = | R| at all levels of the recursion.
The recurrence for this case is:
c n<l
t3(n) = [ ! -1 n-1 (19.7)
con+y [T+ -1-[7-) n>1

A function g(n) such thaltg(n) = ©O(g(n)) for na power of 2 can be obtained by
solving the recurrence:

Cq n<l

CoN+2to(n/2) n>1 and a power of 2 (19.8)

g(n) = to(n) =

For Select (Program 14.7), the worst case iswhHenland |R| =0 at
all levels of the recursion. So, the worst-case computing timeSefect is
given by the recurrence:

tSetec(n) = [ o1 n=t (19.9)

Con+t&e(n-1) n>1

To obtain the recurrence for the average computing timeSefect , we
need to introduce some new functions. First, we shall assume that all the ele-
ments are distinct. Le(n) be the average time to find theéh smallest element.
This average is taken over all permutations of the elements. The average
computing time of Select is given by:

1D
t8ejec(n) = = 2 tk(n)
Ny=1

DefineR(n) to be the largest‘(n). Thatis,
R(n) = max{t(n)}
1<k<n
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It is easy to see thdggec(n) < R(N).

With these definitions in mind, let us proceed to analy@elect for the
case when all elements are distinct. For random input, there is an equal probabil-
ity that |L | =0, 1, 2, ...n-1. This leads to the following inequality fof(n):

c n=1
e+ 5 tj-1p 3 tIn-j)] n=2

k<j<n 1<j<k

tk(n) <

From this, we conclude that:

R(n) <cn + %mlz';\x{ S R(G-1)+ T R(—j)}, n=2

k<j<n 1<j<k
1 n-1 n-1
=cn+—max{> R(i)+ > R(i)}, n=2
n k k n-k+1

SinceRis an increasing function af,

c n=1
R(n) < 2'5C2 . n=2 (19.10)
cn+— > R(i) n everand n>2
Nizn/2
2 n-1 .
cn+— > R(i) else
Ni=(n+1y2

If R(n) = ©(f (n)), then it follows from our earlier observation
(t8eiec(n) < R(N)) thattdgec(n) = O(f (n)). We shall later see th&(n) = ©(n).
This together with the observatid8q.c(n) = Q(n) leads to the conclusion that
t&etec(n) = O(N).

Even though BinarySearch  (Program 2.30) is not a recursive algo-
rithm, its worst-case time complexity is best described by a recurrence relation.
It is not too difficult to see that the following recurrence is correct:

n=1
1) n>1

W= | (19.11)

n-1
Co+tE([

2




Section 19.1 Introduction 5

Whenn s a power of 2, (19.11) simplifies to:

Cq n=1

tg(n) =
co+tg(n/2) n>1 and a power of 2

(19.12)

Hopefully, these examples have convinced you that recurrence relations
are indeed useful in describing the time complexity of both iterative and recur-
sive algorithms. In each of the above examples, the recurrence relations them-
selves were easily obtained. Having obtained the recurrence, we must now solve
it to determine the asymptotic growth rate of the time complexity. We shall con-
sider four methods of solving recurrence relations:

(a) substitution

(b) induction

(c) characteristic roots
(d) generating functions.

19.2 SUBSTITUTION

In the substitution method of solving a recurrence relation for f(n), the recurrence
for f (n) is repeatedly used to eliminate all occurrences €f from the right

hand side of the recurrence. Once this has been done, the terms in the right hand
side are collected together to obtain a compact expressionf filoy. The
mechanics of this method are best described by means of examples.

Example 19.1 Consider the recurrence:

_|c n=0
t(n) = Cott (n-1) n21 (19.13)

Whencq = ¢, = 2,t(n) is the recurrence for the step count &sum (Program

1.9). Ifn> 2 thent(n-1) =c,+t (n-2). If n> 3 thent(n-2) =c,+t (n-3) etc.

These equalities are immediate consequences of (19.13) and are used in the fol-
lowing derivation of a nonrecursive expression tffr):

t(n) =c,+t(n-1)
=Co+Co+t(n-2)

= Cy+Cy+Cr+t(N-3)
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=c,n+t(0)

=cyn+cq, 20
So, we see thdt(n) = con+cq, n= 0. From this, we obtaitig,(n) = 2n+2. O
Example 19.2 Recurrence (19.12) may be solved by substitution. Observe that
(19.12) definesg(n) only for values of n that are a power of 2. If n is not a power
of 2, then the value df(n) is not defined by (19.12). For example, if n = 5 then
t5(2.5) appears on the right hand side of (19.12). Biis a function whose

domain is the natural numbers. If n = 6, then from (19.12) we obtain (t is used as
an abbreviation fotg):

1(6) = C,+1(3)
=Cy+Co+t(1.5)

But, t(1.5) is undefined. When n is a power of 2, t(n) is always defined (i.e.,
using the recurrence 7.12).(n) is of course defined for all [BN-{1} when
(19.11) is used. Assuming n is a power of 2 (say, r); the substitution method
leads to the following series of equalities:

t(n)=c, +t(n/2)
=Cy+ Cy+t(n/h)

=Cy+ Cy+ Cy+t(N/B)

= ke, + t(n/29)
=kc, + t(1)
=c, + ke,

=cCq + Cylogn, na power of 2

Unless otherwise specified, all logarithms in this chapter are base 2. At this
point, we only have an expression figf(n) for values of n that are a power of 2.

If n is between ® and Z*1, thent§(n) will be between t(® and t(*1). So,
ci+c,|logn|<tg<c,+c,[log n] for all n. This implies thatg(n) =©(log n). O

Example 19.3 Consider the recurrence:

n=1

_lc
tn) = a*t (n/b)+cn n>2 (19.14)
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This recurrence definegn) only for values of n that are a power of b. The
recurrence (19.3) is the same as (19.14) wberr c, = c,and a=b =2. Even
though (19.3) is not an instance of (19.14) €as~ ¢4 in general), the solution to
(19.14) with a = 2 and b = 2 does give us a function g(n) such tihat) =
O(g(n)). And, from the discussion following (19.3) it should be clear tkydn) =
©(g(n)). Whenc =1, and a=b =2, (19.14) becomes the same as (19.8).

Assume that n ¥ for some natural number k. Solving (19.14) by the sub-
stitution method yields:

t(n) = a*t(n/b)+cn
= a[a*t(nb?)+c(n/b)]+cn
= a’t(n/b?)+cn(a/b)+cn
= a[a*t(n/b3)+c(nb?)]+cn[a/b+1]
= a3%t(n/b®)+cn@?/b?)+cnfa/b+1]
= a’[a*t(n/b*)+c(nb®)]+cn[a?/b?+a/b+1]

= a*t(n/b*)+cn[a®/b3+a’/b?+a/b+1]

' k-1 .
= akt(nb*)+cn S (a/b)
i=0

- akt(1)+cnS (alb)
i=0

k-1
=akc+cny (a/b)
i=0

k-1 .
= (a/b)*cn+eny (alb), (bk = b'°%" = n)
i=0

k .
=cn3 (a/b)'.
i=0
k _ k _
Whena=b3 (a/b) =k+1. When & b, 5 (a/b)' = ((a/b)**1-1)/(a/b-1). If a<b
0 i=0
then a/b<l and &/b)<*!-1)/(a/b-1) - (1-a/b)*1)/ (1-a/b)<1/(1-a/b). So,
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i(a/b)i = O(1). When a>b, @/b)<*1-1)/(a/b-1) =O((a/b)) = B(ak/b"®") =

0
0@"°*"/In) = 0(n'"°*?*/n). So, we obtain:

o(n) a<b
t(n)= { ©(nlogn) a=b
o(n"°%? a>b

From this and our earlier discussion, we conclude tffgh) = ©(nlog n) and
td(n) = O(nlog n). O

Recurrence (19.14) is a very frequently occurring recurrence form in the
analysis of algorithms. It often occurs with the cn term replaced by such terms
as c, orcn?, or cn® etc. So, we would like to extend the result of Example 19.3
and obtain a general form for the solution of the recurrence:

t(n) = a*t (n/b)+g (n),n = b andn a powerof b, (19.15)

where a and b are known constants. We shall assume that t(1) is also known.
Clearly, (19.15) reduces to (19.14) when t(1)= ¢ and g(n) = cn. Using the substi-
tution method, we obtain:

t(n) = a*t(n/b)+g(n)
= a[a*t(nb?)+g(n/b)]+g(n)
= a’t(n/b?)+ag(n/b)+g(n)

- akt(1)+ S aig(nb)
i=0

wherek = logy,n. This equation may be further simplified as below:

t(n) = akt(1)+ S alg(nb')
i=0

k-1 . .
= akt(1)+3 a'g(b*)
i=0

=a¥t(1+ %a'jg(bj)]

j=1
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Kk Iogbn Iogba

Sincea“ =a , the expressmn far(n) becomes:

t(n) =04 [t(2)+ 3 a gol)]

j=1

A%t 1)+ 3 (g (bl)(b) %))

j=1

= n°%1(1)+ 3 h (b))

=1

where h(n) = g(nji"®®2. Our final form for t(n) is:

t(n) = %3t (L)+f ()] (19.16)

wheref (n) = Zh(bl) and h(n) = g(nY1°®?, Figure 19.1 tabulates the asymp-

totic value off (n) for various h(n)s. This table together with (19.16) allows one
to easily obtain the asymptotic value tfn) for many of the recurrences one
encounters when analyzing algorithms.

h(n) f(n)
o(n"), r<0 0(1)

©((logn)), 20 ©(((logn)'**)/(i+1))

Q(n"), r>0 O(h(n))

Figure 19.1f (n) values for various h(n) values.

Let us consider some examples using this table. The recurrencd for
when n is a power of 2 is:

t(n) = t(n/2)+c,
and t(1) =c,. Comparing Wlth (19.15), we see that a=1, b=2, and g(n) =So,

logy(@) = 0 and h(n) = g(n)i"®® = ¢, = c,(logn)° = O((Iogn)o) From ?F7.1},
we obtainf (n) = ©(log n). So,
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t(n) =n'"%?(c,+0(log n))

= 0(log n)

For the recurrence
t(n) = 7t(n/2)+1&2, n>2 and n a power of 2,

we obtlain: a=7, b|=2, and g(n) = 48 So, loga = log7 = 2.81 and h(n) =
18n2/n"°%" = 18n?7°%" = O(n') where r = 2-log7 < 0. So,f (n) = O(1). The
expression fot(n) is:

t(n) =n"% (t(1)+O(1))

— O(nlog;27)

as t(1) may be assumed to be constant.
As a final example, consider the recurrence:

t(n) = 9t(n/3)+A®, n> 3 and a power of 3.

Comparing with (19.15), we obtain a=9, b=3, and g(n)®.4So, log,a = 2 and
h(n) = 41%/n? = 4n* = Q(n*). From Figure 19.1, we see tha{n) = O(h(n)) =
O(n%). So,

tn) = n2t@Q)+ ©(n%)
= O(n®)

as t(1) may be assumed constant.

19.3 INDUCTION

Induction is more of a verification method than a solution method. If we have an
idea as to what the solution to a particular recurrence is then we can verify it by
providing a proof by induction.

Example 19.4 Induction can be used to show th#h) = 3n+2 is the solution to
the recurrence:

_ 2 n=0
tM = 1 34t(n-1) n>0

For the induction base, we see that when n£) = 2 and 3n+2 = 2. Assume
thatt(n) = 3n+2 for some n, n = m. For the induction step, we shall show that
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t(n) = 3n+2 when n = m+1. From the recurrence for t(n), we obtain t(m+1) =
3+t(m). But from the induction hypothesis t(m) = 3m+2. So, t(m+1) = 3+3m+2
=3(m+1)+2.0

Example 19.5 Consider recurrence (19.10). We shall show that R(n)<4zh, n

Induction Base: For n=1, and 2, (19.10) yields: R&9<4cn and
R(2)<2.5c<4cn.

Induction Hypothesis: Let m be an arbitrary natural numberz81 Assume that
R(n)<4cn for all n, ¥n<m.

Induction Step: For n=m and m even, (19.10) gives:

2 m-1 .
R(m)<cm+— 3 R(i)
M e
8c m—l_
<cm+—3 i (from the IH)
m/i2

<4cm

When mis odd, (19.10) yields:
2 m-1 .
R(m)scm+— > R(i)
(m+1)/2
8c m-1 .
<cm+— X i
M (m+1y2

<4cm

Since R(n)<4cn, R(n) ©(n). Hence, the average computing time of procedure
Select is O(n). Since procedureSelect spends at least n units of time on
each input of size 3. ec(N) = Q(n). Combining these two, we g&gec(n) =
O(n). O

Example 19.6 Consider recurrence (19.92). Lefn) denotet.(n). We shall
show that (n) = c,n(n+1)/2+c 1—C5 = O(n*).

Induction Base: Whenn =1, (19.9) yieldg (n) =c;. Also,c,n(n+1)/2+c—C»
=0.

Induction Hypothesis: Let mbe an arbitrary natural number. Assume th)



12 Chapter 19 Recurrence Equations

=con(n+1)/2+c;—c, whenn=m.

Induction Step: Whenn=m+1, (19.9) yields:

t(m+1)=c,(m+1)+t (m)
=C(m+1)+c,m(m+1)/2+c ;—c, (from the IH)
=[2co(m+1)+c ,m(m+1)]/2+c,—C,
=Co(m+1)(Mm+2)/2+c,—C,. O

As mentioned eatrlier, the induction method cannot be used to find the solu-

tion to a recurrence equation; it can be used only to verify that a candidate solu-
tion is correct.

19.4 CHARACTERISTIC ROOTS
The recurrence equation 6fn) is alinear recurrence iffit is of the form:

k
f(n)=2g(Mf(n-i)+g(n)

i=1
where theg;(n), 1<i <k and g(n) are functions ofn but not of f. A linear
recurrence is obrder k iff it is of the form given abovek is a constant, and
gk(n) is not identically equal to zero. H(n) is zero for alln, then the order of
the recurrence is less thda A linear recurrence of ordek is of constant
coefficients iff there exists constants;, a,, - -, a¢ such thatg(n) = &,
1<ic<k |In this section, we are concerned only with the solution of linear

recurrences of orddg that have constant coefficients. These recurrences are of
the form:

f(ny=af(n-1+a,f(n-2)+ ---+afn-k)+g(n),n=k (19.17)

wherea, # 0 andg(n) is a function ofn but not off. (19.17) is ahomogeneous
recurrence iff g(n) = 0. One may readily verify that for any sk&(0), f (1), - - -,
f(k—-1) of initial values, the recurrence (19.17) uniquely determihgk),
fk+ 1), -

Many of the recurrence equations we have considered in this book are
linear recurrences with constant coefficients. Usifig) to denotety, (19.3)
takes the form:

_]C1 n=1
UM = | 2t(n/2)y+c 4,n n>=2 and a power of 2 (19.18)

This isn't a linear recurrence of ordkffor any fixedk because of the occurrence
of t(n/2) on the right side. However, sinceis a power of 2, (19.18) may be
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rewritten as:

Kk | C1 k=0

()= [2t(2"'1)+c42" k=1 (19.19)
Usingh (k) to denotet (2¥), (19.19) becomes:
_ 1€ k=0

h(k) = [2h(k—1)+c42" k=1 (19.20)

Recurrence (19.20) is readily identified as a linear recurrence with constatnt
coefficients. It is of order 1 and it is not homogeneous. Shgg =t (2) = t(n)
for na power of 2, solving (19.20) is equivalent to solving (19.3).

Recurrence (19.5) is a linear recurrence. However, it is not of deder
any fixedk. By performing some algebra, we can transform this recurrence into
an order 1 linear recurrence. We uge) as an abbreviation fag(n). With this,
(19.5) becomes (fam > 1):

t(n) = con + %nilt ) (19.21)
i=1

Multiplying (19.21) byn, we obtain:

nt(n) = con? + 25 () (19.22)
i=1

Substitutingn — 1 fornin (19.22), we get:

(M= 1= 1)= co(n— 1P + 25 (1) (19.23)
i=1

Subtracting (19.23) from (19.22) yields:
nt(n) - (n - 1t(n-1)= (2n - L)cp + 2(n - 1)
or
nt(n) = (2n - 1co+ (n+ L(n - 1)

or
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t(n) = n;—lt(n “ 1)+ (2- %)c2 (19.24)

Even though (19.24) is not a linear recurrence with constant coefficients, it
can be solved fairly easily. Recurrence (19.8) can be transformed into an
equivalent constant coefficient linear recurrence of order 1 in much the same way
as we transformed (19.3) into such a recurrence. (19.9) is already in the form of
(19.17). The recurrence:

FN=FMnh-1)+FN-2),n=2

defines the Fibonacci numbers when the initial vale€8) = 0 andF (1) = 1 are
used. This is an order 2 homogeneous constant coefficient linear recurrence.

Linear recurrences of the form (19.17) occur frequently in the analysis of
computer algorithms, particularly in the analysis of divide-and-conquer algo-
rithms. These recurrences can be solved by first obtaining a general solution for
f (n). This general solution caontains some unspecified constants and has the
property that for any given sét(0), f (1), - - -, f (k — 1) of initial values, we can
assign values to the unspecified constants such that the general solution defines
the unique sequendg0), f (1), - - -

Consider the recurrencé(n)=5f (n-1)-6f (n-2), n=2. Its general
solution is f (n) = ¢c12" + ¢,3" (we shall soon see how to obtain this). The
unspecified constants acg andc,. If we are given thaf (0) = 0 andf (1) = 1,
then we substitute intd (n) = ¢,2" + ¢,3" to determinec; andc,. Doing this,
we get:

f(O)=cy+c,=0andf (1)=2¢c; +3c,=1

Solving forc; andc,, we getc; = -c, = -1. Thereforef (n)=3"-2",n=0,is

the solution to the recurrendgn) = 5f (n — 1)- 6f (n —2),n =2 whenf (0) =0

andf (1) = 1. If we change the initial values fa(0) = 0 andf (1) = 10, then we
get:

f(0O)=cy+c,=0andf (1)= 2¢c; + 3c, = 10
Solving forc4 andc,, we getc; = —-c, = —=10. Thereforef (n) = 10(3' - 2"),
n=0.
The general solution to any recurrence of the form (19.17) can be

represented as the sum of two functidpé) andfy,(n); f,(n) is the general solu-
tion to the homogeneous part of (19.17):

fa(n) = arfp(n - 1)+ axfy(n - 2)+ - - - + g fp(n - k)

andfy(n) is a particular solution for:
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fo(n) = aif(n - 1)+ axf(n-2)+ - -+ afy(n —k) + g(n)

While at first glance it might seem sufficient to determfpg), it should be
noted thatf,(n) + f,(n) is also a solution to (19.17). Since the methods used to
determinef,(n) will give us anfy(n) form '{(hat does not explicitly contain all

zeroes off (n) (i.e., all solutions tof (n) — > af (n—i)= 0), it is necessary to

=1
determinefy,(n) and add it taf,(n) to get theI general solution fo(n).

19.4.1 Solving Forf,(n)
To determinef,,(n) we need to solve a recurrence of the form:

fa(n) = arfa(n -1+ axfy(n - 2)+ - - - + afh(n - k)
or
fa(n) —a;fu(in -1 -a>f,(n-2)- - - —afy(n-k)=0 (19.25)

We might suspect that (19.25) has a solution of the féym) = Ax". Sub-
stituting this into (19.25), we obtain:

AX"—a;x"T-a,x"?2- - —ax" =0
We may assume th#@t# 0. So we obtain:
k .
Xn—k(xk _ Zaixk_l) =0
i=1
The above equation hasroots. Because of the terrf *%, n — k of these roots

are 0. The remainingroots are roots of the equation:

1 2

xK—apxkt-axk2-...-a =0 (19.26)

(19.26) is called theharacteristic equation of (19.25). From elementary
polynomial root theory, we know that (19.26) has exakthpotsr,ro, « -« -, ry.
The roots of the characteristic equation

x2-5x+6=0 (19.27)

arer = 2 andr, = 3. The characteristic equation
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x3-8x2+ 2I1x-18=0 (19.27)

has the roots; = 2,r, = 3, andr; = 3. As is evident, the roots of a characteris-

tic equation need not be distinct. A rontis of multiplicity j iff r; occursj

times in the collection ok roots. Since the roots of (19.27) are distinct, all have
multiplicity 1. For (19.28), 3 is a root of multiplicity 2, and the multiplicity of 2

is 1. The distinct roots of (19.28) are 2 and 3. Theorem 19.1 tells us how to
determine the general solution to a linear homogeneous recurrence of the form
(19.25) from the roots of its characteristic equation.

Theorem 19.1Let the distinct roots of the characteristic equation:

1 2

xK—apxkt-axk2-...-a =0
of the linear homogeneous recurrence

fa(n) = arfp(n — 1)+ axfy(n - 2)+ - - - + g fp(n - k)

betq, ty, -+, ts, wheres< k. There is a general solutiofg(n) which is of the
form:
fa(n) = ug(n) + uz(n) + -~ -+ ug(n)
where
u(n) = (c, + c,n+c,n’+ -+ g N THE

Here,w is the multiplicity of the root;.
Proof See the references for a proof of this theorem.
The characteristic equation for the recurrence

f(ny=5M-1)-6f(n-2),n=2

X2 -5x+6=0

The roots of this characteristic equation are 2 and 3. The distinct roots ar2
andt, = 3. From Theorem 19.1 it follows th&t(n) = u4(n) + us(n), where
uy(n) =c412" anduy(n) = c,3". Thereforef (n) =c42" + c,3".
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(19.28) is the characteristic equation for the homogeneous recurrence:
f(n)=8 (n-1)-21f (n-2)+ 1& (n—-3)

Its distinct roots aré; = 2 andt, = 3. t, is a root of multiplicity 2. Sou(n) =
c12", andu,(n) = (c, + c3n)3". The general solution to the recurrencd (g) =
c12" + (c, + c3n)3".

The recurrence for the Fibonacci numbers is homogeneous and has the
characteristic equatiorn® —x — 1= 0. Its roots are; = (1+ V5)/2 andr, =
(L-+5)/2. Since the roots are distinai;(n) = c1((1+ V5)/2)" andu,(n) =
c,((L-V5)/2)". Therefore

n

F(n):cl[l+2\/§]n+c2[l_\/§]

is a general solution to the Fibonacci recurrence. Using the initial values F(0) =0
and F(1) = 1, we get{+C, = 0 andc(1+5)/24c,(1-5)/2 = 1. Solving forc; and
C,, We getcq =-C, = 1/5. So the Fibonacci numbers satisfy the equality:
1 (1+v5)" 1 (16"
F (n) = — - = J .
Bl 2 ) L2

Theorem 19.1 gives us a straightforward way to determine a general solu-
tion for an order k linear homogeneous recurrence with constant coefficients. We
need only determine the roots of its characteristic equation.

19.4.2 Solving Forfy,

There is no known general method to obtain the particular solujgm. The
form of f,(n) depends very much on the form of g(n). We shall consider only
two cases. One where g(n) is a polynomial in n and the other where g(n) is an
exponential function of n.

When g(n) = 9 the particular solutionfg(n) = 0.

When g(n) =Ze,ni, andey # 0, the particular solution is of the form:
i=0
fo(n) = Po+ P1n + Pon? + - -+ pgamn?® ™ (19.29)

where m = 0 if 1 is not a root of the characteristic equation corresponding to the
homogeneous part of (19.17). If 1 is a root of this equation, then m equals the
multiplicity of the root 1.
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To determinepg, p1, ..., Pg+m, WE merely substitute the right hand side of
(19.29) into the recurrence fdg( ); compare terms with like powers of n on the
left and right hand side of the resulting equation and solvepfgrp1, po, ...,

Pd +m-
As an example, consider the recurrence:
f(n)=3f(n-1)+ 6f (N-2)+ 3n+ 2 (19.30)

g(n) = 3n+2. The characteristic equatiorxis3x-6 = 0. 1 is not one of its roots.
So, the particular solution is of the form:

fo (N) = pg + p1 N

Substituting into (19.30), we obtain:
PotP1n=3(Po + p1 (N-1))+ 6(po + p1 U(N-2)) + 3n + 2

=3po+ 3p1h—3p1+6pp+6pyn—12, +3n+ 2

= (90— 1301+ 2)+ (91 + 3N

Comparing terms on the left and right hand sides, we see that:
Po = 9Po-15p;+2
and
P1=9p1+3.
So,p; =-3/8 andpy = -61/64. The particular solution for (19.30) is therefore:

fo(n)= - —-—-—-"n
Consider the recurrence;

fn)=2(n-1)-f(n-2)-6 (19.31)

The corresponding characteristic equatiox4s2x+1 = 0. Its roots ar@; = r
= 1. So,fy(n) is of the form:

fo(N) = po + p1n + pon?

Substituting into (19.31), we obtain:
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po+p21n+pzn2 = 2(po+p1n-p1+pP2(n?-2n+1))Po-p1n+2p;-
p,(n©-4n+4)-6

= (2p0-2P1+2P2-Po+2P1-4P2-6)+(21-4p-P1+4p,)N+HpoN?
= (Po-2p2-6)+Pp1n+p,n?

Comparing terms, we get:
Po = Po-2P2-6

or
p2=-3
S0, fy(n) =pg+pan-3n®. fu(n) = (co+c1n)(1). So,f (n) = co+cin+po+pin-3n?
= c,+C3n-3n2. ¢, andcs can be determined once the intial values f(0) and f(1)
have been specified.

When g(n) is of the forma" where ¢ and a are constants, then the particu-
lar solutionf,(n) is of the form:

fo(n) =(Po + pan + pon®+ -+ -+ pyn*)a”
wherew is 0 if a is not a root of the characteristic equation corresponding to the
homogeneous part of (19.17) and equals the multiplicity of a otherwise.
Consider the recurrence:
f(n)=3f(n-1)+ 2f (n—-4)-602" (19.32)

The corresponding homogeneous recurrence is:

fa(n) = 3fn(n-1)+2h(n-4)
Its characteristic equation is:

x*-3x3-2=0

We may verify that 2 is not a root of this equation. So, the particular solution to
(19.32) is of the form:

fo(n) =po2".
Substituting this into (19.32), we obtain:

p02” = 3p02n_1+2p02n_4-6*2n
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Dividing out by 2'*, we obtain:

16po = 24pp+2po-96 = 260(-96
S0,po = 96/10 = 9.6. The particular solution to (19.32)i¢n) = 9.6*2"
The characteristic equation corresponding to the homogeneous part of the
recurrence:

f (n) = 5f (n-1) - 6f (n-2) + 403" (19.33)

isx?-5x+ 6=0. Its roots are; = 2 andr, = 3. Since 3 is a root of multipli-
city 1 of the characteristic equation, the particular solution is of the form:

fo(n) = (Po+p1N)3".
Substituting into (19.33), we obtain:

Po3'+pyn3”
= 5(po+p1(n-1))3" 7 -6(po+p1(n-2))3 2 +4*3"

Dividing by 3"2, we get:
9Po+9p1n = 15+15p1n-1591-6po-6p1n+120,+36
= (9P0-3p1+36)+P1N
Comparing terms, we obtain:
91 =91
and
9p0 = 9Po-3p1+36

These equations enable us to determine phat 12. The particular solution to
(19.33) is:

fo(n) = (po+12n)3
The homogeneous solution is:

fo(n) =c12"+c,3"
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The general solution fdfr (n) is therefore:
f(n) = fr(n)+p(n)
=c12"+(Cy+po)3"+12n3F

=c12"+c33"+12n3

Given two initial values, f(0) and f(1), we can determimgandcs.

19.4.3 Obtaining The Complete Solution
We know thatf,(n)+f,(n) is a general solution to the recurrence:

f(n) = a;f (n-1)y+a,f (n=2)+ - - ~+af (n—k)+g (n), n =k (19.34)

By using the initial values f(0), f(1), ..., f(k-1), we can solve for the k undeter-
mined coefficients inf,(n) + f,(n) to obtain the unique solution of (19.34) for
which f(0),...,f(k-1) have the given values.

19.4.4 Summary

The characteristic roots method to solve the linear recurrence (19.34) consists of
the following steps:

1. Write down the characteristic equation:

2. Determine the distinct rootsy, to, .., tg of the characteristic equation.
Determine the multiplicitym, of the roott;, 1<i<s.

3. Write down the form ofy,(n). lL.e.,

fh(n) = uy(n) + ux(n) + - - - + ug(n)
where
u(n)= (G, + G,n+c,n?+ -+ _n"H

and w =m, = multiplicity of the roott;.
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4.  Obtain the form of the particular solutidg(n).
(@ Ifg(n)=0thenf,(n)=0.
d

(b) Ifg(n) = Ze,ni andey # 0, thenf,(n) has the form:
i=0

fo(n) = po + pin + Pan?+ -+ pyapn?dt™
where m = 0 if 1 is not a root of the characteristic equation. m is the

multiplicity of 1 as a root of the characteristic equation otherwise.
(c) Ifg(n)=c*a"then

fo(n) = (Po + p1n + pon + -+ - + pyn™)a”
where w is zero if a is not a root of the characteristic equation. If a is

a root of the characteristic equation, then w is the multiplicity of a.

5. If g(n) # 0, then use thef,(n) obtained in (4) above to eliminate all
occurrences of f(n-i), fi<k from (19.34). This is done by substituting the
value of f(n-i) for f(n-i), O<i<k in (19.34). Following this substitution, a
system of equations equating the coefficients of like powers of n is
obtained. This system is solved to obtain the values of as many qf she
as possible.

6.  Write down the form of the answer. I.é.(n) = f,(n)+f,(n). Solve for the
remaining unknowns using the initial values f(0), f(1), ..., f(k-1).

Theorem 19.2The six step procedure outlined above always finds the unique
solution to (19.34) with the given initial values.

Proof See the text by Brualdi that is cited in the reference section.

19.45 EXAMPLES
Example 19.7 The characteristic equation for the homogeneous recurrence:

t(n) = 6t(n-1) - 4t(n-2), &2

X2 -6x+4=0

Its roots arer; = 3+V5 andr, = 3-V5. The roots are distinct and $¢n) =
c1(3+V5)"+c,(3-V5)". Suppose we are given that t(0) = 0 and t(1) ¥54
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Substituting n = 0 and 1 into t(n), we get:
O0=cqi+cCy
and
45 =¢4(3+5) +¢5(3-5)
The first equality yield€, = -c,. The second then gives us 4xH3+5-3+5) =
25c, or ¢4 = 2. The expression for t(n) is thereforgn) = 2(3+5)' - 2(3-5}',

n=0. O

Example 19.8 In this example we shall obtain a closed form formula for the sum

n
s(n) = > i. The recurrence for s(n) is easily seen to be:
i=0

s(n) =s(n-1) +n, Al

Its characteristic equation is x-1 =0. 3g(n) =c4(1)" =c4. Since g(n) =n and
1is aroot of multiplicity 1, the particular solution is of the form:

$(n) =po+p 1n+p2n?
Substituting into the recurrence for s(n), we obtain:
Po*P1N+Pan? = Po+p 1 (N-13+po(n—1)7+n
= Po+P1N-P1+P2n®—2pon+po+n
= (Po=P1+P2) + (P1=2P2+1)n + pon’
Equating the coefficients of like powers of n and solving the resulting equations,
we getp, = pp, and 3, = 1 or p, = 1/2. The particular solution is,(n) =
Po+n/2+n?/2 The general solution becomes s(n) &,€pg) + n/2+ n?/2.
Since s(0) =0¢1+pg =0. Hence, s(n) = n(n+1)/229. O
Example 19.9 Consider the recurrence:
f(n) = 5f(n-1) - 6f(n-2) + 312, =2

and

f(0) = 2.5; f(1) = 4.5.
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The characteristic equation for the homogeneous part is:
X2-5x+6= 0

Its roots arer; = 2 andr, = 3. The general solution to the homogeneous part is
therefore:

fa(n) = c12" + c,3".

Since g(n) = 82 and 1 is not a root of the characteristic equation, the particular
solution has the form:

fp(N) = po*p 1n+p2n?
Substituting into the recurrence for f( ), we obtain:
Po+pan+p,n’
=5(po+p1(N—1)+p2(n-1)°) = 6(Po+p1(N-2)+p2(n-2)7) + 3n
= (7p1-Po=1902) + (14p,—p)n + (3-pz)n?
Comparing terms, we get:
P2 = 3P
P1=14p,-py
Po = 7P1-Po-19p2

Hence,p, = 1.5,p; = 7p, = 10.5, andpy = 22.5. So, the general solution for
f(n)is:

f(n) =c,2" + c,3" + 22.5+ 10.51 + 1.5n?

Since f(0) and f(1) are known to be 2.5 and 4.5, respectively, we obtain:
25=c,+c,+225

and
45=2,+ 3c, +345

Solving forc; and c,, we get: ¢4 = -30 andc, = 10. The solution to our
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recurrence is therefore:
f(n) = 22.5 + 10.5n + 1.6% - 30*2" + 10*3". O
Example 19.10Let us solve the recurrence:
f(n) = 10f(n-1)-37f(n-2)+60f(n-3)-36f(n-4)+4 4
and
f(0)=f(1)=f(2) =f(3)=1.
The characteristic equation is:
x4-10x3+37x?-60x+36= 0
or
(x=2f°(x-3*= 0
The four roots are, = r, =2, andrz =r, = 3. Since each is a root of multipli-
city 2, ug(n) = (€1+c2n)2" anduy(n) = (cz+c4n)3". The solution to the homo-
geneous part is:
fa(n) = (1+c2n)2" + (c3+c4n)3"

Since g(n) = 4 = 41° and 1 is not a root of the characteristic equatiyin) is of
the form:

fo(n) =po
Substituting into the recurrence for f(n), we get:
Po = 10po—37Ppo+60po—36po+4
or
Po=1
The general solution fdfr (n) is:
f(n) = (c1+c,n)2" + (c3+c,4n)3" + 1

Substituting forn =0, 1, 2, and 3, and using f(0) = f(1) = f(2) = f(3) = 1, we get:
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O0=cy+cC3 (19.35a)
0=2c,+ 2c,+ 3c3+ 3¢y (19.35b)
0=4c, + 8c,+ 93+ 184 (19.35c)

0=8cy + 24c, + 27c3 + 81, (19.35d)

Solving forc, €5, €3, andc,, We obtainc; = ¢, =c3 =c¢4 =0. So,f (n) =1,
n=1.

We may verify thatf (n) = 1, =0 does indeed satisfy the given recurrence.
We proceed by induction. For the induction base, we need to shov thpt 1,
0<n<3. This is true by definition of f(). So, let m be an arbitrary natural number
such that 3. Assumef (n) = 1, for km. When n = m+1, f(m+1) = 10f(m) -
37f(m-1) + 60f(m-2) - 36f(m-3) + 4 = 10-37+60-36+4 = 1.

Let us change the initial values to f(0) = f(1) = f(2) = 1, and f(3) = 4. Now,
only equation (19.35d) changes. It becomes:

3= 8¢, + 24c, + 27c, + 81c, (19.35¢)

Solving (19.35 a to ¢) and (19.35e) for, c,, €3, andc,, we obtainc; = 6,c, =
1.5,c3=-6,andc, =1. So,

f(n)=(6+1.5)2"+ (n-6)3" 1, n=0

Once again, one may verify the correctness of this formula using induction on n.
O

19.4.6 Solving Other Recurrences

Certain non-linear recurrences as well as linear ones with non constant
coefficients may also be solved using the method of this section. In all cases, we
need to first perform a suitable transformation on the given recurrence so as to
obtain a linear recurrence with constant coefficients. For example, recurrences of
the form:

k
fe(n) = X af(n-i) + g(n), n=k
i=1
may be solved by first substitutirf§(n) = g(n) to obtain the recurrence:

k
a(n) = Yaq(n-i)+ g(n), n=k

i=1



Section 19.4 Characteristic Roots 27

This can be solved for q(rp as described earlier. From g(n) we may obfain
by noting thatf (n) = (q(n))~°.
Recurrences of the form:

nf (n) = i(n—i)a,-f (n=i) + g(n), n=k

=1
may be solved by subsltituting g(n) = nf(n) to obtain:

k
a(n) = Yaq(n-i)+ g(n), n=k

i=1

Sincef (n) = q(n)/n,f (n) is determined once q(n) is.

19.5 GENERATING FUNCTIONS
A generating function G(z) is an infinite power series

G@)= Y7 (19.36)
i=0

We shall say that the generating functi@r{z) corresponds to the function f: N -
> R iff ¢; = (i), i1=0.

Example 19.11G(z) = 5 27" generates the functioh(n) = 2, r=0; G(z) = 5 iz’
i>0 _ i>0
generates the functioih(n) = n, ri=0; G(z) = Y 2z' generates the function:
i>8

0 O<n<7
fW= 12 s

A generating function may be specified in two forms. One of these is
called thepower seriesform. This is the form given in equation (19.36). The
other form is called thelosed form In this form there are no occurrences of the
symboly .

O

Example 19.12 The power series form for the generating functionff¢gn) = 1,
n20 is G(z) =3 7z'. So, zG(z) =3 z'. Subtracting, we obtain: G(z) - zG(z) =
i>0 i>1
Sz -57 =1. So, G(2) :11_2' The closed form for the power seriggz' is
i>0 i1 & i>0
therefore——.
1-z
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Note that11—2= S Z' only for those values of z for which the serigsz'
a i>0 i>0
converges. The values of z for which this series converges are not relevant to
our discussion here

Example 19.13 Let n be an integer and i a natural nhumber. Tiaomial
coefficient m is defined to be:

[n] _nih-1D){n-2)..0-i+1)
T i-1)30-2)...(2)

3 32 _ . (4 _ 43 _ . (-3 _ (3)(-4) _
SO, [2} S [2} =1 O [2] =T 6
Thebinomial theorenstates that:

n n i
a+z) = _Z H zZ',n=0
i=0
A more general form of the binomial theorem is:

(1+2)" = § m z (19.37)
i=0

wherem=nif n>0 andm = c otherwise.
(19.37) leads us to some important closed forms. When n = -2, we obtain:

1 _ -2) _i
(1+2)? - i;[ i] z
But,
) _ (D)3l _ i,
[ i] ST I A G
So,

(1+1Z)2 = S (-1)(i+ 1) (19.38)
i=0
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Substituting-z for zin (19. 38) we obtain:
=3 (i+1)7

(' _2)2 i20

Hence, a L 7 is the closed form for} (i + 1)z'. (19.37) may be used to obtain
—Z i=0

the power series form fml—n, n=1. O

As we shall soon see, generating functions can be used to solve recurrence
relations. First, let us look at the calculus of generating functions.

19.5.1 Generating Function Operations

Addition and Subtractiontf G,(z) = Zc,z' andG,(z) = > d; Z' are the generat-
i20
ing functions forf, andf,, then the generatlng function fog + f, is:

Gs(2) = Eo(Ci +d;)Z'
and that forf;-f, is:

G4(2) = Eo(Ci —-d)z' .
These two equalities follow directly from the definition of a generating function.
Multiplication: If G4(z) = Zc,zi is the generating function for f, the@,(z) =

i20
aG(2) = Z(ac,)z is the generating function for a*f (a is a constant).

Slnceszl(z) = Zc, Z“*! it is the generating function for a function g such

that g(j) = 0, &j<k and g(J) =1(j - k), k. So, multiplying a generating function
by zK corresponds to shifting the function it generates by k.

Example 19.141n Example 19.13, we showed th'?:t—) > (i+ 1)z'. Multi-
|>0

plying both sides by z, we obtarn— > (i+ 1)zt = Z|z
(1 Z) i20 i20 (1_2)2
the closed form for the generating function for f(i) =20. O
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The productG1(2)*G,(z) of the two generating functions(z) = Zcizi
. _ i>0
andG,(z) = Y diz' is a third generating functio®3(z) = 3 gz'. One may ver-
i>0 i>0
ify that g is given by:

i
€ = Zdei_J‘, i=0 (19.39)
j=0

Note that * is commutative (i.eG1(z) * G2(z) =G1(2) * G1(2)).
An examination of (19.39) indicates that the product of generating func-

tions might be useful in computing sums. In particularGi(z) = Zzi -1

- 1-z
i =0
(Example 19.11) (i.ed;, = 1, i=0), then (19.39) becomes

&= 2.C (19.40)

n
Example 19.15Let us try to find the closed form for the sum s(n)>%i. From
i=0
Example 19.14, we know th&tlz—zis the closed form for the generating func-
-z

tion for f(i) =i, i=0. Also, from Example 19.12, we know thql% generates f(i)

. z 1 z . i i
=1, i=0. So, =z = is the closed form for Fiz')(¥ z"). Let
(1-2? 1~z (1-2° i};:o ié)
the power series form ofﬁ be Ze,zi. From (19.40), it follows that
—Z i=0

n
e, = > 1 = s(n), k0. Let us proceed to determing,. Using the binomial
i=0
theorem (19.37), we obtain:
@-2°= 5 |7 02
. |
i =0
The coefficient o"~* in the expansion of (1-Z§ is therefore:

~3), a1 (3)(4)..63-n+2), -

[n—l]( = (h-1)(n-2)...(1) * e
_ (n+Dn(n-1)...(3)
(n-1)(n-2)...(1)
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n(n+1)
2

So, the coefficieng, of z" in the power series form o:(leTis n(n+1)/2 = s(n),
-z

n=0. O

Differentiation: Differentiating (19.36) with respect to z gives:

d i
EG(Z) = ié)lciz' L

or

d o fin g
ZHEG (2) = EO(ICI)Z (19.41)

Example 19.16 In Example 19.13, the binomial theorem was used to obtain the
closed form for 3 (i+1)z'. This closed form can also be obtained using
i>0
differentiation. From Example 19.12, we know th?%z Zzi. From (19.41),
5 i>0
it follows that:

d 1 _«ia
dz 1-z i§)|z
or
1 . ;
=>(@{+1)z O
(1_2)2 i=0

Integration: Integrating (19.36), we get

z
JG(udu= ¥ cj47l/j (19.42)
0 j=1

Example 19.17The closed form of the generating function fofn) = 1/n, rel
can be obtained by integrating the generating functiorf fa) = 1. From Exam-
ple 19.12, we obtain:
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1 i
=Su
Therefore
V4 1 V4 )
——du= 3 [u'du
01-u i>00
_ 1 i+t
i>l+1
= Z.lzi
i>0 !
But,

c1
[==—du=-In(1-2)
ol-u

So, the generating function férn) = 1/n, rel and f(0) = 0, is -In(1-z) O

The five operations: addition, subtraction, multiplication, differentiation,
and integration prove useful in obtaining generating functions fors:IR.

Figure 19.2 lists some of the more important generating functions in both
power series and closed forms.

19.5.2 Solving Recurrence Equations

The generating function method of solving recurrences is best illustrated by an
example. Consider the recurrence:

F(n)=2F(n-1)+ 7,m1; F(0)=0

The steps to follow in solving any recurrence using the generating function
method are:
1. LetG(2) =Za1-zi be the generating function for F(). S®,= F (i), i=0.
i>0
2. Replace all occurrences of F() in the given recurrence by the corresponding
g;. Doing this on the example recurrence yields:

a,=2a,1+7,=1
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Closed Form

Power Series

(1-az)?t

(1-az)?

Sa'z

i20

S (i+1)az

i20

3 | (1+az)" § [n] az
izo !
m=nif n=0
m = o otherwise
Zi—Ll.Hl a'z!
i>1 |
1

—az
i

4 | In(1+az)

5| -In(1l-az) >

i21

az ;L_ i
6| e z”az

i20

Figure 19.2Some power series.

3. Multiply both sides of the resulting equation bY and sum up both sides
for all n for which the equation is valid. For the example, we obtain:

Saz"=2%a, 42"+ Y 72"
n=1 n=1 n=1
4. Replace all infinite sums involving the;s by equivalent expressions
involving only G(z), z, and a finite humber of thegs. For a degree k
recurrence onhgag, ay, ..., a-1 Will remain. The example yields:

G(@@-ap=22G(2)+ 3 72"
n=1
5.  Substitute the known values af, a,, ...ax—1 (recall that F(i) =g;, O<i<k.
Our example reduces to:

G(z)=2G(z)+ 3 72"

n=1
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6. Solve the resulting equation for G(z). The example equation is easily
solved for G(z) by collecting the G(z) terms on the left and then dividing
by the coefficient of G(z). We get:

1
G(2)= S 7z2"0O
@ ngl z 1-2z

7.  Determine the coefficient af' in the power series expansion of the expres-
sion obtained for G(z) in step 6. This coefficientdag = F(n). For our
example, we get:

1
1-2z

G(z)=3>7z2"0O

n=1

=S72"03 27
n=1 i20
The coefficient o" in the above series product is:

5 7+ 27 = 7(2-1)
i=1

So, F(n) =7(2-1), r=0.
The next several examples illustrate the technique further.
Example 19.18Let us reconsider the recurrence for the Fibonacci numbers:
F(n) = F(n-1) + F(n-2), B2
and
F@)=0, F(1)=1.
Let G(z) = Zcizi be the generating function for F. From the definition of a gen-
erating furiuz:(t)ion, it follows that F(j) =;, j=0. So, F(n) =c,, F(n-1) =¢,-1, and
F(n-2) =c,,-,. From the recurrence relation for F, we see that:
Ch = Ch-1 + Ch—p, 22

Multiplying both sides by" and summing from n=2 te, we get:

>cz2"@=@3 ch-12" + 3 chpZ" (19.43)

n=2 n=2 n>2
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Observe that the sum cannot be performed from n =40 &3 the recurrence F(n)
= F(n-1) + F(n-2) is valid only for 2. (19.43) may be rewritten as:

G(2)€12-Co =23 Chg2" 1 +22 5 chpz" 2
n=2 n=2

=25 ¢z + 223 ¢Z
i1 =0

=2G(2)-coz+2°G(2)

Collecting terms and substituting, = F(0) = 0 andc; = F(1) = 1, we get:

z
G@Z)=——F
@) 1-z-7
z 1+V5 1-V5
= = db=———
(l—ap(1-bz) ' ° 2 o 2
1 [ 1 1)
" V5 l1-az  1-bz)

From Figure 19.2, we see that the power series expansion of (%Haz{(az)i.
i>0
Using this, we obtain:

G(2) =%[i§)aizi —ié)biziJ
1

o)

= Z
i20

Hence, F(n) T, = — >

1 “1+\/§1”_ [1—\/_
V5 2

} ],nzo.[]

Example 19.19 Consider the recurrence:

_ 10 n=0
t(n)= [at(n—1)+bn n=1

Let G(Z2) = Zcizi be the generating function for t(n). Sdn) = c¢,, n=0. From
i>0
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the recurrence, it follows that:
Ch, = agy—1 + bn, n=1
Multiplying both sides by" and summing from n=1 te yields:

> cyz"= Y acg,z"+ ¥ bnZ

n=1 n=1 n=>1

or

G(2)co=azy c,-1z" 1+ 3 bnZ"

n=1 n=1

= azG(z)+y bnz"

n=1

Substitutingcy = 0 and collecting terms, we get:

G(z) = (3. bnz")/(1-az)

n=1
= (3 bn2")(T a'z)
n=>1 i>0

Using the formula for the product of two generating functions, we obtain:

n .
c,=bYia""
i=1

M=

= pa"

A
i-pa'

N
Hencet(n)=ba" ¥ '—I n=0. O
i=1a

N
Example 19.20In the previous example, we determined that ba" Z'—i. A
i=o &

N
closed form forc, can be obtained from a closed form fiyy= > '—I n=0. First,
izo@

. i=0 .
let us find the generating function for f(i) =ai/. We know that (1-7)* = >z
. i>0
So, (1-z/a)* = > (z/a)'. Differentiating with respect to z, we obtain:
i>0
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d _ i

— = —z/aI —7Z'

N
or

1 1 _ i__zi—l

a (I-zla? i a

Multiplying both sides by z, we get:

Z R

a(l-z/a? 5 a

The generating function foE|/a can now be obtained by multiplying by 1/(1-
Z) (see Equation (19.40)). So

z _ n |_
a(1-z/3%(1-2) 1 L:Zo al ]
= > dyz"
n=0

We now need to find the form of the coefficientzdfin the expansion of

z
a(1-z/a)*(1-2)

Expanding this, we get:

= =3 (z/a) 3 (zla) 3 7'
a(l-z/a?*(1-z) aix i>0 i>0
So,
1 n-1 1 n-1-i 1
d,=— — —
" a =Z al j:z
3 1 n-1 L n i
T a =Z al JJa 1
n-1

- a(]Ja 1) ;[ai_ai} a1
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1 n YVa)'-1
= —=|—- Lot l
l-a |a" (Va)-1
n_
_ n a(Va 1)’37:1

 (1-a)a" (1-a)?

n
When a =1d, = > i =n(n+1)/2. Observe that the recurrencedgis:
i=0

n
dn = dn—l + — n=1
an

Since the general form of the particular solution is not known when g(na%, n/

it would be difficult to obtain the solution fad, using the characteristic roots
method.O

Example 19.21 An alternate approach to obtain the power series form of G(z) =
(> bnz")/(1-az) (see Example 19.19) is:

n=1

G(z) = (3. bnz")/(1-a2)

n=1
= (b3 nz")/(1-a2).
n=0
_ bz
(1-2)%(1-a2)
When a# 1, we obtain:

Az+B ., C

G(Z): (1_2)2 } 1oz

Solving for A, B, and C, we obtain:
b
A% ar
___ab
(1-a)?
__ab
(1-a)?
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So,

__Az B , C
(1-2®> (1-z* 1l-az

G(2)

=AY iz' +BY (i+1)Z + CYaZ
>0 0 0

The coefficient ok" is therefore:

t(n)=An+ B(n+1)+ Ca"

-_b il abz(n+1)+ a—bza”
(1-a) (1-a) (1-a)
__bn _ ab(1-a"
l-a  (1-a)?

-az 1, =0

Whena=1,

_ bz
(1-2)°

G(2)

= %Zi (i+1)zZ (Example 19.15)
>0

So,f (n) =bn(n+1)/2, 20, a=1.0
Example 19.22Consider the recurrence:
f(n) = 5f(n-1) - 6f(n-2) + 2n, &2
and
f(0)=f(1)=0
Let G(2) = Zcizi be the generating function for f. Sb(n) = c,, f(n-1) =c¢,—1
and f(n-2) :::_2. Therefore:
Ch=5Cy -1 —6Chp + 2n, N2

or
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chZ" = 5¢,-12" - 6Cp0Z" + 2nZ", =2
Summing up for n from 2 tee yields:

S cnz" =523 ch2" - 6223 ¢y 02" 2 + 3 2n2"
n=2 n=2 n=2 n=2

or

G(2)€12-Co = 52(G(2)-Co) - 62°G(2) + 3 2nz"

n=2

Substitutingc; = ¢ =0, we get:

G(2)(1-5z+&%) = 3 2nz"

n=2
or
> 2nz"
o) = sz
= 32— 2]

=) 1-3z 1-2z

= 3 2jz2)[35 37 - 25 2'Z']
j>2 i>0 i>0
The coefficient,, of z" is now seen to be:

n . n .
ch= 3 6j3" - 3 4j2n
=2 =2

n . n .
=6*3"> (j/13)-42"3 /2
j=2 j=2
From Example 19.20, we know that:

%Lz_LL_33‘”—1 1
3 2 3 4 3

and
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N
L=_N _ppnop-L
i=ZZ 2 2" ( "3
So,
Cnh = —3n-4.5+4.5 3"-2* 3"+4n+8-8* 2"+2* 2"
= n+3.5+2.5- 3"-6* 2"

So,f (n) =n+3.5+2.5* 3"-6* 2", n=0. O
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